Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen Zwecken und zum Privatgebrauch gespeichert und kopiert werden.
Introduction
Diffusion processes are used in virtually all aspects of continuous time finance from yield curve to exchange rate modeling, and for the purposes of prediction, simulation and pricing. This has led to many papers recently being published in the field, numerous of which are a part of an ongoing effort to specify models that adequately capture the dynamics of financial variables across reasonable spans of time, rather than across specific historical episodes. In this paper we first review recent methodological advances in the area of specification and predictive accuracy testing, and subsequently undertake a specification search of alternative short rate models, thereby adding to the rich literature begun by the key research of Chan, Karolyi, Longstaff and Sanders (CKLS: 1992) . Our search focuses on a variety of multi factor continuous models both with and without jumps as well as simple and nonlinear discrete models.
One characteristic of continuous time models that is crucial to the application of such models is that only a few of those currently in use by practitioners have closed form solutions (see e.g. Vasicek model (1977) , Cox, Ingersoll, and Ross (CIR: 1985) , Black and Scholes (1973) , and Hull and White (1990) ). Indeed, many do not have closed form solutions, particularly those involving one or multiple latent variables (see e.g. the stochastic mean model of Balduzzi et al. (1998) , the stochastic volatility model of Heston (1993) , the three-factor model of Chen (1996) , and the three-factor model with jumps discussed in the noteworthy paper by Andersen, Benzoni and Lund (ABL: 2004) ). This issue has implications not only for pricing formulae derived from these models, but also for estimation. In recent years, many new methods have been developed for the estimation of continuous time models and the (often unknown in closed form) conditional densities associated with them. For example, Aït-Sahalia (1999 provides closed form approximations of (unknown) conditional densities using Hermite polynomials, for one-factor, stochastic volatility, and multi-factor models, respectively. These and other approximations (as well as general work on conditional Kolmogorov testing -see e.g. Andrews (1997) and Corradi and Swanson (2005a)) have led to the development of numerous consistent specification tests for evaluating individual models. Some of the earliest key papers on "goodness of fit" testing of continuous time models include those by Stanton (1997) , Conley, Hansen, Luttmer, and Scheinkman (1997) , Jiang (1998), and Jones(2003) . Many specification tests for continuous models fall within one of two different categories. One category focuses on nonparametric tests. For example, tests characterized by comparing model implied transition densities with their nonparametric estimated (e.g. using kernels) counterparts (see e.g. Aït-Sahalia(1996 , Aït-Sahalia, Fan and Peng (2009) ); and tests involving the examination of generalized cross spectra (see e.g. Hong and Li (2005) and Chen and Hong (2008) ). Another category that includes papers by Gallant and Tauchen (1997) , Andersen and Lund (1997) , Dai and Singleton (2000) , Ahn, Dittmar and Gallant (2002) , ABL (2004) , Thompson (2008) , Aït-Sahalia and Kimmel (2007) , and Corradi and Swanson (2005a) , to name but a few, who use parametric methods to examine the "goodness of fit" of models. The testing approaches reviewed and used in this paper falls within this category. Namely, we review, extend and implement the simulation based test for the correct specification of a diffusion process due to Bhardwaj, Corradi and Swanson (BCS: 2008) . This test is in the spirit of the conditional Kolmogorov test of Andrews (1997) . In addition, we discuss a simple extension to the test of Corradi and Swanson (CS: 2011) for comparing the accuracy of predictive densities derived from (possibly misspecified) diffusion models. These tests are continuous time generalizations of the discrete time, point mean square forecast error, model selection test statistics of White (2000) which are widely used in empirical finance (see e.g. White (1999, 2001) ).
It should be noted that the tests used in this paper are also closely related to the interesting nonparametric specification tests of Hong (2002) , Zhao (2004, 2007) , and Chen and Hong (2008) , some of which are based upon use of the conditional characteristic function (ccf) in conjunction with the generalized cross spectrum. Our in-sample specification test is in the same spirit as these tests. Both, for example, are motivated by the classical Kolmogorov-Smirnov test, and our test along with many of their tests do not require a closed form solution for the transition density. However, our tests converge at a parametric rate while theirs converge at nonparametric rates. Moreover, our out-of-sample predictive density type model selection tests have the added feature that estimation is recursive, parameter estimation error does not vanish asymptotically and is explicitly accounted for, and multiple (possibly misspecified) models are jointly compared.
Of further note is that the difference between our approaches to in-sample (and out-of-sample) specification testing (and predictive density type model selection) and that taken elsewhere can be easily motivated within the framework used by Diebold, Gunther and Tay (DGT: 1998) , Bai (2003) , Hong (2002) and Hong, Li and Zhao (2004) . In their paper, DGT use the probability integral transform (see e.g. Rosenblatt (1952) ) to show that F t (y t |= t−1 , θ 0 ), is identically and independently distributed as a uniform random variable on [0, 1] , where F t (·|= t−1 , θ 0 ) is a parametric distribution with underlying parameter θ 0 , y t is the random variable of interest, and = t−1 is the information set containing all "relevant" past information (see below for further discussion). They thus suggest using the difference between the empirical distribution of F t (y t |= t−1 , b θ T ) and the 45 • −degree line as a measure of "goodness of fit", where b θ T is some estimator of θ 0 . This approach has been shown to be very useful for financial risk management (see e.g. Diebold, Hahn and Tay (1998) ), as well as for macroeconomic forecasting (see e.g. Diebold, Tay and Wallis (1998) and Smith (2000, 2002) ). Likewise, Bai (2003) proposes a Kolmogorov type test of F t (u|= t−1 , θ 0 ) based on the comparison of F t (y t |= t−1 , b θ T ) with the CDF of a uniform on [0, 1] . As a consequence of using estimated parameters, the limiting distribution of his test reflects the contribution of parameter estimation error and is not nuisance parameter free. To overcome this problem, Bai (2003) uses a novel approach based on a martingalization argument to construct a modified Kolmogorov test which has a nuisance parameter free limiting distribution. This test has power against violations of uniformity but not against violations of independence. Two features differentiate our approach from that taken in the above papers. First, we assume strict stationarity, while they do not. Second, we allow for dynamic misspecification under the null hypothesis, while they do not. While our approach is clearly less general because of the first feature, the second feature allows us to obtain asymptotically valid critical values even when the conditioning information set does not contain all of the relevant past history. More precisely, we are interested in testing for correct specification, given a particular information set which may or may not contain all of the relevant past information. This is relevant when a Kolmogorov test is constructed, as one is generally faced with the problem of defining = t−1 . If enough history is not included, then there may be dynamic misspecification.
Additionally, finding out how much information (e.g. how many lags) to include may involve pretesting, hence leading to a form of sequential test bias. By allowing for dynamic misspecification, we do not require such pre-testing. Another key feature of our approach concerns the fact that the limiting distribution of Kolmogorov type tests is affected by dynamic misspecification. Critical values derived under correct specification given = t−1 are not in general valid in the case of correct specification given a subset of = t−1 . Consider the following example. Assume that we are interested in testing whether the conditional distribution of y t |y t−1 is N (α † 1 y t−1 , σ 1 ). Suppose also that in actual fact the "relevant" information set has = t−1 including both y t−1 and y t−2 , so that the true conditional model is y t |= t−1 = y t |y t−1 , y t−2 = N(α 1 y t−1 + α 2 y t−2 , σ 2 ), where α † 1 differs from α 1 . In this case, we have correct specification with respect to the information contained in y t−1 ; but we have dynamic misspecification with respect to y t−1 , y t−2 . Even without taking account of parameter estimation error, the critical values obtained assuming correct dynamic specification are invalid, thus leading to invalid inference. Stated differently, tests that are designed to have power against both uniformity and independence violations (i.e. tests that assume correct dynamic specification under H 0 ) will reject; an inference which is incorrect, at least in the sense that the "normality" assumption is not false. In summary, if one is interested in the particular problem of testing for correct specification for a given information set, then our approach is appropriate.
One feature of the current literature is that the application of different specification tests and different data sets have led to a variety of different conclusions. For example, Aït-Sahalia (1996) test fails to reject the CKLS (1992) model and the nonlinear drift model of Aït-Sahalia (1996) . On the other hand, Hong and Li (2005) strongly reject all univariate affine models of the Euro dollar rate, and suggest that even very sophisticated models (including GARCH, regime switching, and jumps) do not adequately capture interest rate dynamics. BCS (2008) reject the CIR (1985) model, and conclude that stochastic volatility models are superior to the CIR model. To some extent, one might argue that the mixed evidence in the extant literature can be attributed to the fact that numerous analyses have been carried out using (relatively) small numbers of models and varying data samples, many of which can be tied to particular historical "episodes". In light of this, we examine multiple time periods and a relatively rich set of models in this paper. We then compare our findings based on multiple sample periods with those based on analysis of our entire sample period of Eurodollar deposit rates from 1982-2008. Interestingly, when our entire sample of data is used to estimate competing models, the "best" performer in terms of distributional "fit" as well as predictive density accuracy, both in-sample and out-of-sample, is the three factor Chen (CHEN: 1996) model examined by ABL (2004) . This model is selected from a group of continuous time models including one, two, and three factor variants (with and without jumps), a simple discrete AR(p) benchmark model with lags (p) selected recursively using the Schwarz information criterion, and a nonlinear (logistic type) smooth transition autoregression (STAR) model. Just as interestingly, the STAR model is preferred to the "best" continuous model (i.e. the one factor CIR (1985) model) when comparing predictive accuracy for the "Stable 1990s" period that we examine. Moreover, an analogous result holds for the "Post 1990s" period that we examine, where the STAR model is preferred to a two factor stochastic mean model. Thus, when the STAR model is parameterized using only data corresponding to a particular sub-sample, it outperforms the "best" continuous alternative during that period.
However, when models are estimated using the entire dataset, the continuous CHEN model is preferred, regardless of the variety of model specification (selection) test that is carried out. Given that it is very difficult to ascertain the particular future regime that will ensue when constructing ex ante predictions, thus, the CHEN model is our overall "winning" model, regardless of sample period. These findings are largely in agreement with the caveat pointed out by Hong, Li and Zhao (2004) that a model which fits historical data well is not guaranteed to have better out-of-sample performance. Indeed, this feature of empirical models is one of the main reasons why we carry out both in-sample and out-of-sample tests in our analysis.
In summary, our empirical analysis suggests that continuous time models do actually "hold their own" against discrete time models, even in forecasting competitions involving comparison of predictive density accuracy. Thus, the oft asked question of whether continuous time models that impose certain critical restrictions (such as no arbitrage) actually compare favorably with discrete time models is answered in the affirmative in our experiments. That said, it should be stressed that further research comparing our continuous time models with even more dynamically complex discrete models remains to be undertaken.
The rest of the paper is organized as follows. In Section 2, we review recent in-sample and out-of-sample specification tests that are used in the sequel. Section 3 summarizes the short term interest rate models that we examine. Finally, Section 4 discusses the data used in our experiments and empirical results are gathered in Section 5. Concluding remarks are given in Section 6.
Specification Tests and Model Selection
Our testing methodology follows that of BSC (2008) and CS (2011) . In particular, we first implement in-sample consistent specification tests that due to BCS (2008) . These tests, including a generalization to the case of three factor models, are Kolmogorov type tests utilizing a simple simulation based approach to construct conditional distributions when the functional form of the conditional density is unknown. The distributions are in turn used to form predictive confidence intervals for time period t + τ , given information up to period t. The specification test measures the difference between simulated conditional confidence distributions generated using fitted parametric models and empirical conditional distributions implied by historical data. This approach is closely related to the specification testing approach discussed in Corradi and Swanson (2005a) , Aït-Sahalia (1996 , Hong and Li (2005) and Hong, Li and Zhao (2007) . As opposed to the above approach of testing each individual model to ascertain whether it is correctly specified, we also implement out-of-sample model selection type tests due to CS (2011) that jointly compare all models based on predictive accuracy. These tests are in the spirit of the predictive accuracy tests due to Diebold and Mariano (1995) and White (2000) , and involve using a simulation based approach closely related to the approach used in BCS (2008) . Of note is that all models in both types of tests carried out in this paper are (possibly) misspecified. For a complete discussion of the importance of model misspecification in the case of specification testing and model selection, please refer to Corradi and Swanson (2006a) . In the following sub-sections, we briefly discuss the in-sample and out-of-sample tests discussed above.
A Consistent Specification Test
The BCS (2008) test is based on the comparison of the empirical cumulative distribution function (CDF) and the cumulative distribution function implied by the specification of the drift and the variance under a given null model. To illustrate the idea, consider a parametric diffusion process:
where W t is a Brownian motion, and the true parameter vector is θ 0 = (b 0 0 , σ 0 0 ) 0 ∈ Θ, Θ is a compact subset of < K . Thus, we are assuming that X t is a one-dimensional diffusion process solution to the above stochastic differential equation, where the true parameters, θ 0 , have been replaced by their pseudo true analogs, θ † . The discrete analog to the above process is a model in which X t is a scalar.
Multi-dimensional diffusion processes are discussed later.
Under correct specification of the diffusion process, we have that
Note that the stationary density, f (x, θ † ), and its associated invariant 
for some u ∈ U, with non-zero Lebesgue measure.
To construct a specification test, we follow BCS (2008) by defining the τ −step ahead conditional
and X * t is a resampled series constructed using standard block-bootstrap methods, b θ * T,N,h is estimated parameter using the resampled data, X * t , and is in turn used to construct simulated paths, X θ * T,N,h s,t+τ , s = 1, ..., S and t = 1, ..., T − τ . In order to generate the empirical distribution of Z * T , one performs B bootstrap replications (B is large). Then, one compares Z T with the percentiles of the empirical distribution of Z * T , and rejects H 0 if Z T is greater than the (1 − α)th-percentile. Otherwise, one fails to reject. BCS (2008) has proved that the test carried out in this manner is correctly asymptotically sized, and has unit asymptotic power.
For two-factor models (e.g. stochastic mean and stochastic volatility models, where
, the difficulty lies in dealing with the initial value for the simulation process, given that the latent variable in X t is unobservable. BCS (2008) integrate out this effect by first simulating a long path of length N observations for latent variable X 2 t . Second, they take the simulated values in the first step as starting values for the latent variable and simulate S × N paths in order to form, b F τ (u|X t , b θ T,N,h ). The associated test statistic in Eq(4) is:
Of note that we use X 1 t+τ and X 1,θ T,N,h j,s,t+τ to construct the conditional interval because only X 1 t is observable in X t . Now, consider a three-factor model (see e.g. the "CHEN" and "CHENJ" models discussed below), where
Brownian motions in Eq(1). The key issue concerns how to construct the conditional distribution
knowing the starting value of X 2 t and X 3 t . To deal with this issue, we propose a simple simulation based method that is an immediate consequence of the approach discussed in BCS for one and two factor models:
Step 1: Given the estimated parameter b θ T,N,h , generate a path of length N (a large number) for
The key here is to use the mean of stochastic volatility and the mean of stochastic mean in b θ T,N,h as the initial start values for these two latent variables. Retrieve X 2,θ T,N,h t and X 3,θ T,N,h t , t = 1, 2, ..., N from the path.
Step 2: Given the observable X 1 t and the N × N simulated latent paths ( X
. Since the start values for the two latent variables are N × N length, so for each
, where i denotes the ith simulation.
Step 3: Simulate X 1,θ T,N,h t+τ S times, that is to repeat step 2 S times.
Step 4: Construct the statistic for the null of correct specification of the conditional distribution:
where
h 2 T → 0, and the model is correctly specified, the following result holds for any X 1 t , t ≥ 1 :
Moreover, we can implement the same bootstrap method as that outlined in BCS (2008) in order to form the resampled series, X 1 * t and construct bootstrap statistics. Namely:
Step 1: Resample X 1 t . In particular, we draw b blocks (with replacement) of length l, where bl = T . Thus, each block is equal to X 1 i+1 , ..., X 1 i+l , for some i = 0, ..., T − l, with probability 1/(T − l). More formally, let I k , k = 1, ..., b be iid discrete uniform random variables on
, ..., X 1 I b +l }, and so a resampled series consists of b blocks that are discrete iid uniform random variables, conditional on the sample. Use these data to construct b θ * T,N,h .
Step 2: Repeat Steps 1-3 in constructing Z T (u, v), but we use X 1 * t and b θ * T,N,h to replace X 1 t and b θ T,N,h respectively, to construct the conditional distribution for
is the simulated value at simulation s, constructed using b θ * T,N,h , and
as initial value. Of note that we use the same set of random errors used in X
Step 3: Construct the bootstrap statistic, which is the bootstrap counterpart of Z T :
Step 4: Repeat step 1-3 B times to generate the empirical distribution of the B bootstrap statistics.
An Out-of-Sample Model Selection Test
The approach of CS (2011) is to measure predictive accuracy using a distributional generalization of mean square error, as defined in Corradi and Swanson (2005b) . Namely, let
k is a parameter vector,and let F τ 0 (u|X t , ϑ 0 ) be the distribution associated with the underlying and unknown "true" model. Now, choose model k over model 1,
The test can be viewed as distributional generalizations of both Diebold and Mariano (1995) and White (2000) . Note that in the case of continuous time models, if we knew F τ k (u|X t , ϑ † k ) in closed form, then we could proceed as in Corradi and Swanson (2006a,b) . However, the functional form of the model implied conditional distribution is unknown in closed form, in general, and hence we rely on a simulation-based approach to facilitate testing.
As is customary in the out-of-sample evaluation literature, the sample of T observations is split into two subsamples, such that T = R + P, where only the last P observations are used for predictive evaluation. We first simulate S paths of length P − τ (each path is τ −steps ahead) using X R , ..., X R+P −τ as starting values. Then, a scaled difference between the conditional distribution, estimated with historical as well as simulated data, is used to construct our test statistic.
The test statistic is:
where the test statistic is constructed over an interval (u 1 , u 2 ) ∈ U xU and
with X ϑ k,t,h k,t+τ ,i the simulated τ -step ahead value given X t and the recursively estimated parameter b ϑ k,t,h . Of note is that b ϑ k,t,h is the parameter implied by model k and it is estimated from the first t observations instead of total sample T as in BCS (2008) 
where X * t+τ is from a bootstrap sample constructed using the standard block bootstrap and b ϑ * 1,t,N,h are parameter estimates based on the bootstrap sample (see CS (2011) for complete details). Of note is that each bootstrap term is recentered around the (full) sample mean. This is necessary because the bootstrap statistic is constructed using the last P resampled observations, which in turn have been resampled from the full sample. In particular, this is necessary regardless of the ratio, P/R. Thus, even if P/R → 0, so that there is no need to mimic parameter estimation error (and hence the above statistic can be constructed using b ϑ k,t,N,h instead of b ϑ * k,t,N,h ), it remains the case that recentering of all bootstrap terms around the (full) sample mean is necessary.
The Models
In our empirical analysis we consider a variety of continuous and discrete models, both with and without jumps. The jump processes that we model are driven by two separate Poisson draws (up jumps and down jumps) with different intensities, and different jump magnitudes, as discussed in Chacko and Das (2002) . Overall, our models are most closely related to those examined in ABL (2004), and Hong and Li (2005) , although we consider both continuous time and discrete models.
In total, we consider six affine models, one nonaffine model, and two discrete models of the short rate, all of which are outlined briefly below.
The Cox-Ingersoll-Ross (CIR) Model: We follow CIR (1985) and posit that:
where W r (t) is standard Brownian motion, θ is the long-run mean of the interest rate, κ r measures the speed of mean-reversion, and σ r is a standard deviation parameter that is assumed to be fixed.
Also, non-negativity is imposed, as 2κ r θ > σ 2 r . Stochastic Mean Model (SM): As above, but θ (t) is a mean reverting process that converges to its unconditional mean:
where W r (t) and W θ (t) are independent Brownian motions, and θ and σ θ are the mean and standard deviation of θ (t) , respectively. Of note is that the mean process, θ (t) , cannot take negative values provided that 2κ θ θ > σ 2 θ . Stationarity requires that κ r and κ θ (which control mean reversion speeds) are greater than zero.
Stochastic Volatility Model (SV):
We estimate the Heston (1993) model (see also Chen (1996) , Andersen, and Lund (1997) , and Aït-Sahalia and Kimmel (2007)). Namely:
where κ r ,κ v > 0 in order to ensure stationarity, and v and σ v are the mean and standard deviation of V (t) . As above, W r (t) and W v (t) are scalar Brownian motions in some probability measure.
However, we now assume that W r (t) and W v (t) are correlated, such that dW r (t) dW v (t) = ρdt, where the correlation, ρ, is some constant in [-1,1] . Finally, note that volatility is a square-root diffusion process, which requires that 2κ v v > σ 2 v . Stochastic Volatility Model with Jumps (SVJ): We add Poisson-exponential jumps to the previous model. Namely:
where q u and q d are Poisson processes with jump intensity λ u and λ d respectively, and are independent of the Brownian motions W r (t) and W v (t) . In particular, λ u is the probability of a jump up, Pr (dq u (t) = 1) = λ u and λ d is the probability of a jump down, Pr (dq d (t) = 1) = λ d . J u and J d are jump up and jump down sizes and have exponential distributions:
where ζ u , ζ d > 0 are the jump magnitudes, which are the means of the jumps, J u and J d .
Three Factor Model (CHEN):
We combine various features of the above models, by considering a version of the oft examined 3-factor model due to CKLS (1992) , which is discussed in detail in Dai and Singleton (2000) . In particular, we consider the Chen (1996) 3-factor model:
where W r (t) , W v (t) and W θ (t) are independent Brownian motions, and V and θ are the stochastic volatility and stochastic mean of short rate r, respectively. As discussed above, non-negativity for (2004) extend the three factor Chen (1996) model by incorporating jumps in the short rate process, hence improving the ability of the model to capture the effect of outliers, and addressing the finding of Piazzesi (2004 Piazzesi ( , 2005 ) that violent discontinuous movements may arise from monetary policy regime changes. The model is defined as follows:
where parameters are as defined for the above SVJ and CHEN models.
General Single-Factor Diffusion Model (CEV):
The best known model that incorporates the dependence of volatility on the level of the interest level is probably the nonaffine constant elasticity of volatility (CEV) model discussed in CKLS (1992), which has been studied by numerous authors (see e.g. Aït-Sahalia(1996) , Stanton (1997) , Durham (2003) , Hong and Li (2005) , and Bali and Wu (2006) ). In light of this, we also consider following CEV model
where parameters are defined as in the CIR model. We also assume that ρ > 1 (see e.g. Aït-Sahalia(1996) ). The CEV model is probably the best known model that incorporates the dependence of volatility on the level of the interest level.
Linear Autoregression Model (AR(p)):
As a discrete benchmark model, we estimate a standard AR(p) model:
where u t is a disturbance term, and the number of lags, p, is selected via the use of the Schwarz information criterion, and is re-estimated prior to each new prediction when the model is used to construct predictions.
Smooth Transition Autoregression Model (STAR):
Finally, we estimate a standard version of the STAR model developed by Chan and Tong (1986) (see also Teräsvirta and Anderson (1992) , Teräsvirta(1994 Teräsvirta( , 1998 , and the references therein):
In our analysis, the transition function, G(·) is defined to be the logstic CDF (i.e. G(γ, z t , c) = 1 1+e γ(z t −c) ) and z t , is an exogenous transition variable, defined in the same manner as the moving average process used in Franses and van Dijk (2000) .
Of note is that there are many estimation techniques that can be used to estimate the above continuous time models. For example, there are many simulation based methods, such as efficient method of moments (see Tauchen (1996,1997) , Chernov and Ghysels (2000) , and the references cited therein) and nonparametric simulated maximum likelihood (see e.g. Fermanian and Salanié (2004) and CS (2011)). For further discussion, see Aït-Sahalia (2007) which provides a survey on estimating continuous models using discrete observations. In the current paper, we follow the simulated generalized method of moments estimation approach discussed in Duffie and Singleton (1993) . Of course, it should also be pointed out that it is possible in the case of the affine models considered here to compute in closed form the conditional characteristic function, and hence follow Singleton (2001) , Jiang and Knight (1997, 2002) , Duffie, Pan and Singleton(2000) , or Chacko and Viceira (2003) . Finally, note that our discrete models are estimated using maximum likelihood, and as discussed in Franses and van Dijk (2000) , and van Dijk, Teräsvirta, and Franses (2002) .
Given that we estimate our parameters recursively, the values are not reported here, for the sake of brevity (complete results are available upon request from the authors).
Data
In order to facilitate the comparison of our empirical findings with those of BCS (2008), we use the same dataset as they do. Namely, we use data collected on the one-month Eurodollar deposit rate as our proxy of the short rate. Our data ranges from June 1982 to April 2008 (1,396 weekly observations). Other yields that are often considered in the literature include the monthly federal funds rate (Aït-Sahalia (1999)), monthly yields on zero-coupon bonds with different maturities (see Duffie (2002) and Li (2006, 2007) ), and the weekly 3-month T-bill (see ABL (2004) and Durham (2003) ). Perron (1998, 2003) extend the single unknown break point testing approach (see Andrews (1993) , Andrews and Ploberger (1994) ) to testing for no structural breaks against an unknown number of breaks, (i.e. 0 against l breaks and l against l+1 breaks, where l is arbitrary but fixed number). They apply a dynamic programming algorithm to estimate breakpoints sequentially by adding one breakpoint at a time and minimizing the resulting sum of squared residuals. We implement the tests outlined in Perron (1998, 2003) to test and date structural changes in our dataset. In particular, we test whether the mean of the spot interest rate changes over time.
We find two breakpoints, corresponding to February 1991 and May 2001. These results lead to our consideration of three 3 different sample periods (see Figure 1) . The first sub-sample corresponds is the longest economic expansion that the United States has ever experienced. In early 1990s, the Federal Reserve returned to targeting the federal funds rate. In particular, the Federal Reserve fixed the federal funds rate at 3% from late 1992 until February 1994, and increased the rate to 6%
by early 1995. Only in January 2001 did the Federal Reserve begin to cut rates again. Of further note is that our 2 sub-samples are consistent with break dates found using the multiple break point test developed by Bai (1997) and Perron (1998, 2003) . Details of these calculations are available upon request from the authors. For an excellent and exhaustive survey of the extant literature on testing for structural breaks in financial time series, the reader is referred to Andreou and Ghysels (2009).
Empirical Results
In this section, we first present various summary measures for our dataset, then we summarize our main findings based on specification tests and model selection tests. Table 1 reports various summary statistics for the data, including mean, median, variance, skewness, kurtosis and Jarque-Bera test statistics. The "Whole sample" data has a mean of 0.0568 or 5.68%, a standard deviation of 0.0259, negligible positive skewness of 0.289, and substantial kurtosis relative to that of a normal distribution. The Jarque-Bera test indicates that the sample does not follow a normal distribution. The three sub-samples are also not normally distributed; and they have quite different distributional properties. Although not examined further in this paper, note that the "Pre 1990s" period is quite volatile, and has the highest mean 8.51%. This is due to the high inflation/interest rate regime in the 1980s. In contrast, the "Stable 1990s" period is much more stable, with a mean of 5.08%, standard deviation of 0.0106, and smaller skewness and 1 Of note is that during the period prior to 1990, the Federal Reserve targeted, at various times, monetary aggregates and interest rates, which resulted to some extent in elevated interest rate volatility relative to that experienced during the 1990s. Moreover, high inflation and recessions in the 1980s also increased volatility over this period and unit root tests for this period suggest that interest rate are nonstationary. As Pritsker (1998) documents, specification tests that assume stationarity can lead to over-rejection of the null hypothesis, in such cases (see also Aït-Sahalia and Park (2009)). For this reason, we do not separately report results for the "Pre 1990s" period.
Summary Statistics
kurtosis. Of note is that the "Stable 1990s" period is negatively skewed (−0.729), although all other samples have significant positive skewness. As opposed to the other two sub-samples, the "Post 1990s" period demonstrates a bimodal distribution 2 . Of note is that in 2004 the Eurodollar rate reached a low of 1.04%. Moreover, it is not surprising that the Eurodollar rate data that we examine shares the same patterns of increase and decrease as the federal funds rate, which explains the sharp decreases and increases in the Eurodollar rate in the "Post 1990s" period. Compared with other samples, the "Post 1990s" period has the lowest mean (3.02%), but has a relatively high standard deviation. These results suggest that interest rate models that are "regime-dependent" may provide a better good fit to the data and possibly also good predictions. Hence our specification of the STAR model. Of course, a difficulty with modelling individual regimes, in general, is ascertaining whether the period to be simulated can be expected to remain within the regime.
Consistent Specification Test Results
Tables 2-4 report our in-sample specification test results for the 3 sample periods outlined above.
Tests are carried out using τ −step ahead confidence intervals. We set τ = {1, 2, 4, 12}, corresponding to one week, two weeks, one month, and one quarter ahead conditional distribution evaluation periods. The confidence intervals that we use in test statistic construction are chosen based on the properties of our historical data. In particular, we set u and u equal to X ± σ X and X ± 0.5σ X , respectively. Additionally, we set our simulation sample length as S = 10T, where T is the historical sample length. The simulation sample length for latent variables is set at N = 10T . When simulating using our discrete models, errors are drawn randomly from the empirical distribution of the residuals. In our implementation of the bootstrap, we set block length to be 20, and carry out 100 bootstrap replications. In the tables, test statistics (denoted by Z T ) and 5%, 10%, 15%
and 20% bootstrap critical values are given. Single starred entries denote rejection at the 10% significant level.
Whole sample
Results are presented in Table 2 for the "Whole Sample" case. Not surprisingly, the CIR model is rejected for all τ , regardless of confidence interval width. Moreover, the SV model performs the best amongst the CIR, SV and SVJ models. These results are in line with those reported in BCS (2008) . Interestingly, though, we find that the three-factor model (CHEN) not considered in BCS (2008) performs at least as well as the SV model, and indeed fails to reject at higher significance levels, suggesting that the CHEN model may actually be marginally better than the SV model.
Overall, it seems that increased model complexity may help capture spot rate dynamics when long samples of data across many historical regimes are used to calibrate models. Of further note is that the CHENJ model performs marginally better than the SVJ model. These results are in accordance with the findings of Hong, Li and Zhao (2004) that more complicated models tend to have better in-sample fit since they have more parameters to catch different aspects of interest rate dynamics.
Turning now to our discrete models, note that the AR(p) and STAR models are not rejected for any τ interval combinations, as expected. In the next sub-section, we shall examine whether or not this in-sample dominance of discrete models parlays into superior ex-ante forecasting performance.
To further illustrate the findings of Table 2 , we plot kernel densities of our simulated data and actual data in Figure 2 , for selected models. Specifically, we choose points that represent the left tail, middle points and right tail of our historical data as evaluation points, and construct kernel density estimates. Table 3 presents results for the "Stable 1990s" period. The most noteworthy result is that the univariate CIR model beats all multifactor models. The CIR model fails to be rejected for all values of τ , and for all confidence intervals, at almost any confidence level. This result is in stark contrast to our findings for the whole sample period. As discussed in Section 5.1, this is perhaps not surprising given the stable monetary regime of the 1990s; and reminds us that our different models perform very differently depending upon the particular regime from whence data are generated. and the confidence interval is wide (X ± σ X ), which suggests that the CIR model is superior to our dynamically more flexible discrete models for long-run modeling, and points to the need for careful examination and comparison of the ex-ante predictive performance of the continuous and discrete models.
The stable 1990s

Post-1990s
The bimodality associated with the "Post 1990s" period makes our specification test results quite different from those reported for our other sample periods. The SM model "outperforms" other models. The rejection frequency for the CIR model is low as well. Additionally, we fail to reject the null of correct specification for the complex three-factor with jumps CHENJ model. These results are sensible given the underlying economic conditions prevailing during this period. As is apparent upon inspection of Table 4 , the SM model captures the changing mean in this period quite well. However, since the Federal Reserve Bank changed the target rate with more frequently and with greater magnitude during this period, the CHENJ model which combines stochastic mean and jump components also performs well. 3 Moreover, the CHENJ model appears to be able to capture possible outliers in this period via its inclusion of two latent variables. Panel B (plots e and f)
of Figure 3 contain plots of empirical densities for the SM, CIR and SV models at the two modal points ( x = 0.02 and x = 0.05). The densities associated with the SM model have higher peak and narrower tails than those for the CIR model, at both evaluation points. As expected, the SV model has densities with very fat tails; but these are centered far from the evaluation point. Of final note is that there are evaluation points for which other models do beat the SM model, but the SM performs best, overall. This is a feature which should be expected, and underscores the importance of using not only portmanteau type specification tests but also inspecting individual densities when evaluating alternative models.
Is there an overall winner?
The above question can be answered, to some extent, by fixing the parameterization estimated for the "best" model in our "Whole Sample" analysis (i.e. the CHEN model) and comparing the performance of this model with that of the "winners" during our two sub-sample periods. Results of consistent specification tests constructed in this manner are contained in Table 4 . Interestingly, the CHEN model fails to reject for all significance levels for the "Post 1990s" period, when using the "Whole Sample" parameterization. However, perhaps not surprisingly given our above discussion, the CHEN model is rejected during the "Stable 1990s".
Overall, thus, the CHEN model appears to be a reasonably adequate model, nesting all but one historical episode at least as well as any other model. In the next section, we shall ascertain whether this finding translates into superior predictive performance when comparing the CHEN to all other models, including our discrete alternatives.
Prediction Based Model Selection Test Results
Given our above findings, a natural next step is the construction of ex-ante prediction type model selection tests in order to determine whether the CHEN model dominates all other models for the entire sample. This is done by applying the D k,P,N (u 1 , u 2 ) test discussed above. In particular, tests are carried out using τ −step ahead predictive confidence intervals (with the ex-ante period P = T/2) constructed using recursively estimated models. For ease of comparison, we focus only on the "best" continuous and the "best" discrete models, according to the finding of the previous section. In addition, we set τ = {1, 2, 3, 4, 5, 6, 12}, and the confidence intervals that we use in test statistic construction are chosen based on the properties of our historical data. In particular, we set u and u equal to X ± σ X and X ± 0.5σ X , respectively, as above. Finally, we set our simulation sample length to be S = 10T, and the simulation sample length for latent variable integration to be N = 10T . In our implementation of the bootstrap, we set block length to be 20, and carry out 100 bootstrap replications. In the tables, test statistics (denoted by D k,P,N ) and predictive density type "mean square forecast errors" (MSFEs -see footnote to Table 6 for further details) values are reported. Single starred entries denote rejection at the 10% significant level. Turning to our results, note that upon inspection of the entries in Table 6 it is clear that the null hypothesis that the CHEN model generates predictive densities at least as accurate as the STAR model (our "best" discrete model) is not rejected at a 90% level of confidence, regardless of forecast horizons and interval width. 4 Moreover, in almost all cases, the CHEN model has lower MSFE, and the MSFE spread between the CHEN model and STAR model increases in magnitude as the forecast horizon increases. This confirms our in-sample findings that the CHEN model is our "global winner". To further illustrate this finding, we provide plots of simulated predictive densities for the CHEN and STAR models in Panel A of Figure 4 . Note that the simulated predictive densities associated with CHEN model are highly concentrated around the true evaluation points. Moreover, though the STAR model also has quite peaked densities, they are not generally as centered around the evaluation points.
In order to shed further light on this interesting conclusion that continuous models do indeed in certain cases outperform discrete models, even when comparing predictive accuracy, we carry out the same analysis for the two sub-samples examined in the previous section. Namely, we set CIR as the benchmark for the "Stable 1990s" and SM as the benchmark for the "Post 1990s". Results of comparisons of these models with the STAR model are collected in Tables 7 and 8 . Interestingly, the STAR model is preferred to the CIR model (note that the null of equal predictive accuracy is rejected in virtually all cases in Table 7 ) when comparing predictive accuracy for the "Stable 1990s". An analogous result hold for the "Post 1990s", where the STAR model is preferred to the SM model. These findings are confirmed by plots of empirical densities in Panels B and C of Figure 4 . The STAR model has more "correctly" centered and highly concentrated densities when compared with the CIR and SM models. Thus, when the STAR model is parameterized using only data corresponding to a particular sub-sample, it outperforms the "best" continuous alternative.
However, and as just noted, when models are estimated using the entire dataset, the continuous CHEN model is preferred. Given that it is very difficult to ascertain what regime will ensue when constructing ex ante predictions, thus, the CHEN model is our overall "winner" when it comes to ex-ante prediction, just as it was carrying out in-sample specification analysis. Still, the discrete STAR model is clearly also promising, and further analysis using alternative STAR and related discrete specifications is warranted. This, however, is left to future research.
Concluding Remarks
This paper reviews and implements simulation based specification testing methodology in order to study the in-sample and out-of-sample performance of different affine and non-affine multifactor diffusion processes and discrete time models across various historical sample periods, for various (predictive) horizons, and for various density and distributional evaluation intervals. Interestingly, when our entire sample of weekly data from 1982 to 2008 is used to estimate competing models, the "best" performer, both in-sample and out-of-sample is the three factor Chen (1996) model examined by Andersen, Benzoni and Lund (2004) . Just as interestingly, a logistic type discrete STAR model is preferred to the CIR model when comparing predictive accuracy for the "Stable 1990s", during which period the CIR model performs best from amongst continuous models. Moreover, an analogous result holds for the "Post 1990s", where the STAR model is preferred to the two factor SM model. Thus, when the STAR model is parameterized using only data corresponding to a particular sub-sample, it outperforms the "best" continuous alternative, regardless of sub-sample.
However, when models are estimated using the entire dataset, the continuous CHEN model is preferred. Given that it is very difficult to ascertain what regime will ensue when constructing ex ante predictions, we conclude that the CHEN model is our overall "winner" when it comes to ex-ante prediction (as well as in-sample specification analysis).
Many topics for further research remain. For example, from a theoretical perspective, it remains to construct specification tests that do not integrate out the effects of latent factors. From an empirical perspective, it remains to determine whether it is in some sense "optimal" to fit models to shorter data samples when simulating future scenarios, and if so, exactly how "short" should samples be? Moreover, there are many STAR and related discrete models for which it may be fruitful to examine ex-ante predictive performance, given that our logistic-STAR model performed so well in the different subsamples examined in this paper. 2 for further details)). The simulation period considered is 10T , where T denotes the number of observations in the sample. Additionally, the ex-ante prediction period P = T/2, and all model parameters are estimated recursively. For critical value construction, the block length is set equal to 20 observations, and empirical bootstrap distributions are constructed using 100 bootstrap replications. Finally, critical values for various percentiles of the bootstrap distribution are reported. Finally, X and σX are the mean and variance of an initial sample of data. 
